In this paper, we construct self-dual codes from a construction that involves 2×2 block circulant matrices, group rings and a reverse circulant matrix. We provide conditions whereby this construction can yield self-dual codes. We construct self-dual codes of various lengths over F 2 , F 2 + uF 2 and F 4 + uF 4 . Using extensions, neighbours and neighbours of neighbours, we construct 32 new self-dual codes of length 68.
Introduction
Self-dual codes (a class of linear block codes) is a vibrant area of Mathematics which was first introduced in the early 1970's ( [2, 17, 24, 25] ). The double circulant construction (introduced in [5, 20] ) is one of the most extensively used techniques to construct self-dual codes. It involves considering generator matrices of the form (I|A) where A is a circulant matrix. In [15] , the authors consider constructing self-dual codes from generator matrices of the form (I|A) where A is a block circulant matrix. In [3] , certain well known self-dual codes were constructed from certain group rings. In recent years group rings have been used to construct self-dual codes in [9, 10] . In this article we construct self-dual codes by considering generator matrices that combine 2 × 2 block circulant construction, group rings and reverse circulant matrices. In particular we construct self-dual codes from generator matrices of the form:
where A and B are matrices that arise from a group ring construction and C is a reverse circulant matrix. For the remainder of this section, we will introduce many important concepts and results required for further sections. In section 2, we describe the construction itself. We present the structure of the generator matrix and discuss associated theory in order to put some restrictions on unknowns. These restrictions aim to maximise the practicality of the construction method by reducing the search field. Following the theory, we look at the numerical results from certain groups of order 4, 8 and 17. We then apply extensions and consider neighbours of codes as methods of finding new codes.
Throughout this article, we assume that R is a finite Frobenius ring of characteristic 2. A code over a finite commutative ring R is defined as any subset C of R n . An element of C is called a codeword. If a code satisfies C = C ⊥ then the code C is said to be self-dual, alternatively if C ⊆ C ⊥ then the code is said to be self-orthogonal. The Hamming weight enumerator of a code is defined as:
For binary codes, a self-dual code where all weights are congruent to 0 (mod 4) is said to be Type II and the code is said to be Type I otherwise. If a code satisfies W C (x, y) = W C ⊥ (x, y) then the code is said to be formally self-dual. The first commutative ring that we consider is F 2 + uF 2 := F 2 [X]/(X 2 ), where u satisfies u 2 = 0. The elements of the ring may be written as 0, 1, u and 1 + u, where 1 and 1 + u are the units of F 2 + uF 2 . We also consider F 4 + uF 4 ; the commutative binary ring of size 16. F 4 + uF 4 can be viewed as an extension of F 2 + uF 2 . Therefore, we can express any element of F 4 + uF 4 in the form ωa + (1 + ω)b, where a, b ∈ F 2 + uF 2 . These rings are generalised in [12] and [13] . The most effective way of displaying these results, is to use the hexadecimal system. This is achieved by use of the ordered basis {uω, ω, u, 1}.
The following Gray Maps were introduced in [14, 23] and [8] ;
These Gray maps preserve orthogonality in the respective alphabets, for the details we refer to [21, 23] . The binary codes ϕ F2+uF2 • ψ F4+uF4 (C) and ψ F4 • ϕ F4+uF4 (C) are equivalent to each other. Proposition 1.1. ( [23] ) Let C be a code over F 4 + uF 4 . If C is self-orthogonal, so are ψ F4+uF4 (C) and ϕ F4+uF4 (C). C is a Type I (resp. Type II) code over F 4 + uF 4 if and only if ϕ F4+uF4 (C) is a Type I (resp. Type II) F 4 -code, if and only if ψ F4+uF4 (C) is a Type I (resp. Type II) F 2 + uF 2 -code. Furthermore, the minimum Lee weight of C is the same as the minimum Lee weight of ψ F4+uF4 (C) and ϕ F4+uF4 (C). Let c be a unit in R such that c 2 = −1 and X be a vector in S n with X, X = −1. Let y i = r i , X for 1 ≤ i ≤ k. The following matrix
generates a self-dual code D over R of length n + 2.
Two self-dual binary codes of length 2n are said to be neighbours of each other if their intersection has dimension n − 1. Let
The definitions surrounding group rings are as follows: Let G be a finite group of order n, then the group ring RG consists of
Addition in the group ring is done by coordinate addition:
The product of two elements in a group ring is defined as:
It follows, that the coefficient of g i in the product is gigj =g k α i β j . Note that, e G denotes the identity element of any group G.
The following construction of a matrix was first given for codes over fields by Hurley, [18] , and extended to rings in [10] . Let R be a finite commutative Frobenius ring and let G = {g 1 , g 2 , . . . , g n } be the elements of a group of order n in a given listing.
The main group discussed in this work is the cyclic group. A circulant n × n matrix is denoted cir(α 1 , α 2 , · · · , α n ), where each row vector is rotated one element to the left relative to the preceding row vector [7] . Additionally, a reverse circulant n × n matrix is denoted rcir(α 1 , α 2 , · · · , α n ), where each row vector is rotated one element to the right relative to the preceding row vector. The notation CIR(A 1 , A 2 , · · · , A m ) denotes the block circulant matrix where the first row of block ma-
We will now look at the structure of the matrix σ(v) where v is an element of C 2p .
If v satisfies vv * = 1, then we say that v is a unitary unit in RG. We also note that σ(v * ) = σ(v) T .
Construction
Consider the following matrix M (σ), where v 1 and v 2 are distinct group ring elements from the same group ring RG where R is a finite Frobenius commutative ring of characteristic 2 and G is a finite group of order n. σ(v) is a matrix generated from a group ring element and A denotes a reverse circulant matrix.
Let C σ be the code generated by the matrix M (σ). Clearly, C σ has length 4n. We will now establish conditions when C σ generates a self-dual code. We will also create a link between unitary units in RG and the above construction yielding self-dual codes. Proof. Clearly, the code generated by M has free rank 2n, as the left-hand side of the matrix M is the 2n × 2n identity matrix. The code generated by M is self-dual iff the code generated by M is self-orthogonal. Now,
and M M T = 0 iff I n + BB T + CC T = 0 and BC T + CB T = 0. Adding these equations, we obtain
Theorem 2.2. Let R be a finite commutative Frobenius ring of characteristic 2 and let G be a finite group of order n. Then,
Considering the left-and right-hand sides separately, we obtain:
Let R be a finite commutative Frobenius ring of characteristic 2, A be an n × n reverse circulant over R and V be an n × n circulant matrix over R. Then,
where P = circ(0, 0, . . . , 0, 1) and A = rcirc(a 1 , a 2 , . . . , a n−1 , a n ). Now,
As A = A T , it remains to show that AP T + P A = 0. Finally, P A = circ(0, 0, . . . , 0, 1) · rcirc(a 1 , a 2 , . . . , a n−1 , a n ) = rcirc(a n , a 1 , . . . , a n−1 ) and AP T = rcirc(a 1 , a 2 , . . . , a n−1 , a n ) · circ(0, 1, . . . , 0, 0) = rcirc(a n , a 1 , . . . , a n−1 ). Proof. Clearly, σ(v) is symmetric for any v ∈ RG if and only if α g −1 i gj = α g −1 j gi (i, j = 1, . . . , n) for any v = g∈G α g g ∈ RG. Furthermore, we have g −1 i g j = g −1 j g i (i = 1, . . . , n) (i, j = 1, . . . , n) or xy = y −1 x −1 for any x, y ∈ G. Note that for an abelian group of exponent 2, yxy = x −1 or xyxy = e or (xy) 2 = e for any x, y ∈ G. Therefore, we have that g 2 = e for any g ∈ G; thus, G has exponent 2.
It is interesting to note that any group of exponent 2 is abelian because xyxy = e and xxyy = ee = e since x and y are commutative for any x, y ∈ G. Lemma 2.5. Let R be a commutative ring. An n × n-matrix X satisfies XA = AX T for any n × n reverse circulant matrix A over R if and only if X is a circulant matrix.
Proof. This proof follows from lemma 2.3. Let X be an n × n-matrix which satisfies XA = AX T . Then XA = A T X T and XA = (XA) T for any n × n reverse circulant matrix A over R. This implies that XA is symmetric.
. Clearly, we have D 2 = I n and XDDA is symmetric for any n × n reverse circulant matrix A over R. Therefore, (x i,n−j )DA is symmetric. So we have (x i,n−j )B is symmetric for any n × n circulant matrix B over R. This is equivalent to the fact that (x i,n−j )P k is symmetric for any k ∈ {1, . . . , n} and n× n matrix P = circ(0, 0, . . . , 0, 1). Thus, (x i,(k−j)modn+1 ) is symmetric for any k ∈ {1, . . . , n}. We have
. , n}
It is easy to see that j ′ = (k − j) mod (n + 1) equivalent to j = (k − j ′ ) mod (n + 1) where i, j, j ′ , k ∈ {1, . . . , n}. So
Thus ((k − j ′ ) mod (n + 1)) − ((k − i) mod (n + 1)) ≡ i − j (mod n). Therefore, we have that x i,j ′ is constant if (i − j) mod n is fixed. Thus, X is circulant. Lemma 2.6. Let R be a finite commutative Frobenius ring of characteristic 2 and let G be a finite abelian group of order n of exponent 2. Then, C σ generates a self-dual code of length
Proof. We note that
We also know by theorem 2.2 that C σ generates a self-dual code iff
and 
Proof. We note that Aσ(v * ) = σ(v)A for all v ∈ RG by the previous result. We also know that C σ generates a self-dual code iff
Lemma 2.8. Let R is a finite commutative Frobenius ring of characteristic 2 and let G be a finite abelian group of order n. Let C σ be self-dual. If A = 0, then v 1 + v 2 is unitary.
Proof. If C σ is self-dual and A = 0, then σ(
This concludes the theoretical part of this paper. We will now show the numerical results.
Numerical Results
In this section, we construct 32 new self-dual codes of length 68. We begin with the construction of self-dual codes of length 64 from groups of order 4 and 8. Using Theorem 1.3, we construct new self-dual codes of length 68. Next, we construct codes of length 68 from groups of order 17. We then find new self-dual codes of length 68 by finding neighbours of these codes and neighbours of these neighbours. Magma ( [4] ) was used to construct all of the codes throughout this section.
The possible weight enumerators for a self-dual Type I [64, 32, 12]-code are given in [6, 11] The first examples of codes with a γ = 7 in W 68,2 are constructed in [28] . Together with these, the existence of the codes in W 68,2 is known for the following parameters (see [16, 28] . Firstly, we construct self-dual codes of length 64 from C 4 (over F 4 + uF 4 ), C 4,2 (over F 2 + uF 2 ) and C 8 (over F 2 + uF 2 ). We then construct three self-dual codes of length 68 (Table 4 ) by applying theorem 1.3 to the codes constructed in Tables 1,2 and 3. We replace 1 + u ∈ F 2 + uF 2 with 3 to save space. Table 2 . Self-dual code over R 1 of length 64 from C 8 and C 8 . Table 3 . Self-dual code over R 1 of length 64 from C 42 and C 42 . Table 4 . Self-dual code of length 68 from extensions of C 1 , C 2 and C 3 . 
We now construct two self-dual codes of length 68 using C 17 (Table 5 ). We let v 2 = 0 ∈ RC 17 . We note that in this case, the construction is equivalent to the usual four circulant construction. We now construct neighbours of these codes and neighbours of these neighbours. 
Conclusion
In this work, we introduced a new construction that involved both block circulant matrices and a reverse circulant matrix. We demonstrated the relevance of this new construction by constructing many binary self-dual codes, including new self-dual codes of length 68. To summarise the numerical results, we construct the following unknown W 68,1 code: β = {317}. Furthermore, we construct the following unknown W 68,2 codes: (γ = 0, β = {208, 214, 218}), (γ = 1, β = {179, 191, 193, 195, 197, 199, 202, 210 Regarding this construction, we were restricted to small group rings due to computational limitations. With a higher computational power, it would be possible to investigate larger group rings which would yield more results. One could also consider other families of rings.
